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the generator q passing through P. F is then a ruled surface, of hyperelliptic section, with its generators arranged in pairs cutting conjugate points in every plane.
s=2. If p is a conic, three cases can be distinguished. First, to every point Q on p may belong a conic q containing P but .| different from p, and these may be in themselves complete plane i sections of the surface. If this were so, the surface would be a j quadric. But the conies may not be complete plane sections of j the surface, and this possibility it is convenient to divide into two 1 parts, as follows : Secondly, the q's may be conies distinct from         j
the jo's. The surface F will contain in this second case a doubly ] infinite system of decomposable or reducible plane sections. Or ' thirdly (the only case not trivial), the conic q, while its corre- | sponding point Q describes the conic p, may continually coincide j with p. There is then only a simple infinity of conies (p) upon the surface. To show that this system is a rational sheaf, con-          ;
sider its section by an arbitrary plane : on the hyperelliptic section curve each conic p cuts two conjugate points P and Q, and either P or Q determines p completely, hence the system (p) is in one-to-one relation with the series of pairs of conjugate points upon a hyperelliptic plane curve-7-a linear series, and must therefore be         I
rational.*    Now these three alternatives lead to a single conclu-         i
sion, through the application of well known theorems.
First if the surface F were quadric, it would be rational; but          ;
then it would be discussed as a surface with all its plane sections         r
rational.f    For the second case we adduce Kronecker's theorem %
* Indeed these planes form the developable of a twisted cubic curve, since no one of them counts twice ; Castelnuovo shows that the immediate generalization of this remark holds for hyperspace.
|See paper by E. Picard : "Sur les surfaces alge*briques dont toutes les sections planes sont unicursales," Crelles Journal, vol. 100 (1885); and a correlated paper of E. H. Moore : " Algebraic surfaces of which every plane section is uni-ciirsal in the light of n-dimensional geometry," Amer. Jour, of Math., vol. 10 (1888), p. 17.
t See the historical note and demonstration by Castelnuovo. '' Sulle superficie algebriche che ammettono un sistema doppiamente infinite di sezioni piane riduttibili," Lined Rendiconti, January, 1894.nd S'n to Sn+l and S'n+l upon von Staudt's J transition
